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Abstract 

We establish a twisted version of Skoda's estimate for the Koszul complex 
from which we get global division theorems for the Koszul complex. This 
generalizes Skoda's division theorem. We also show how to use Skoda triples 
to produce division theorems for the Koszul complex. 



1 Introduction 

Skoda's division theorem is a version of the Corona theorem in higher di- 
mensions. It turns out to be an important tool in establishing effective results in 
complex geometry and algebraic geometry (see refs.[B87],[E199],[Siu98] and [SiuOO]). 

Many generalizations of Skoda's division have bee known since [S72]. In [S78] 
and [D82], division theorems were proved for generically surjective homomorphisms 
between holomorphic vector bundles. Inspired by the Ohsawa-Takegoshi technique, 
Varolin ([V08]) proved the twisted version of Skoda's estimate and also introduced 
Skoda triple which enabled he to get a series of Skoda-type theorems. By using the 
method of residue currents, Andersson also studied division problem for the Koszul 
complex and its geometric applications (see [A04],[AG11] and references therein). 

In this paper, we first prove a Skoda-type estimate(see lemma 2) for the Koszul 
complex and then try to introduce twisting into such an apriori estimate. To prove 
lemma 1, we make use of a generalization of Skoda's inequality whose proof is 
included in the appendix. Based upon the twisted version of our Skoda-type esti- 
mate(see lemma 3), we obtain Skoda-type division theorems for the Koszul complex. 
In principal, by using the Skoda triple introduced by Varolin, we can obtain many 
examples of division theorems for the Koszul complex. Moreover, the technique of 
denominators ([MV07]) could be used to produce Skoda triples as shown in [V08]. 
Our main results on the division problem are theorems 1 and 2. As an application 
of theorem 1, we give a sufficient condition (see corollary 1) under which the Koszul 
complex induces an exact sequence at the level of global sections. We give explicit 
examples(corollaries 2 and 3) from theorem 2 and choosing Skoda triples, then we 
also discuss the relations among these results. 
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2 Twisted Estimate for the Koszul Complex 

Let n be a domain in C", gi ■ ■ ■ , gp & C'(n), we denote by g the vector- valued 
function {gi - ■ ■ , gp) where 0{Q) is the ring of holomorphic functions on Q. We 
also denote by the sheaf of germs of holomorphic functions on fl. Now we can 
introduce the well-known Koszul complex 

0^f\'o^^^...^/\O^^^f\-'o^^^...^On^0 (1) 
The sheaf-homomorphism Lg is defined for each 1 < £ < p as follows 

{l^gV)n...ie_r = ^ giViii-ie.i, ^ < ' ' < P (2) 

l<j<p 

where v = {vh-ie)ii...i^=i £ A^^n^ i.e.Vi^...i^ e On and Vi^...i^ are skew-symmetric on 
the indices ii, • • • 

We consider, in this paper, the global division problem for the Koszul com- 
plex, i.e. to find sufficient condition of integrability under which an element / e 

/\ 0{n)®P{l <e<p) with Lgf = should be contained in the image of ig, that is, 
there exists some u G /\^0{Vl)®^ such that / = igU. The celebrated Skoda division 
theorem is concerned with the case where £ = 1 of this problem. 

We will agree on the following index ranges: 

^ ^ i) j-ik,i < I < a, P < n. 

In the remaining part of this section, we assume that Q is a bounded domain 
with smooth boundary and gi G 0{Q) fl C'^{Q), 1 < i < p, which have no common 
zeros on fl. Such assumptions will be drooped in section 2 by standard argument. 
For functions f/)!, 02 £ C^i^): we define 

t*h = e'f"-'f'^g A h (3) 
where h G A^~^ 0{n)®P, 1 < £ < p and g A h is given by 

A = - J2 i-n'grM.-^i.-i,- (4) 

l<a<i 

where v means that the index ia- is omitted. To formulate our a priori estimate, we 
need to introduce the following space. 

F^{he f\~^0{n)®P I igh = 0}. (5) 

Now we start to estimate H'-^/i + ^^^i'll^^ from below for an arbitrary h E F which 
is smooth on fl and v G Dom9^^ C /\^Lq_^(0, satisfying Bv = 0. The reason 
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why we should estimate such a term hes in Skoda's fundamental lemma(see lemma 
4 at the end of this section) . 



Kh + d;^v\\l = hih\\l + 2Re{i;h,d;^v)^, + \\d;^v\\l 
= I + 11 + III. 

By definition, we have 

1= [ WgAhW^e'^'-^'^^dV. 
Jq 

Form the following identity 

i<a,s<e 
l<ii,— ,it<p 



l<a<i 

l<n,--- ,ie<p 

l<ii,--- ,is,''' M<P 
— E \9i\^\hii-M-H 



|2 



(£-1)! 



2|| i,l|2 



it follows that 



1= / \\9\We^^-''^-dV 



n 



where Hgf = ^ l^^^l'' H^H' = T^TW E l^^-^.-i I'- 
l<j<p ^ ' l<h,--- ,k-i<P 

Assuming that (f)i,4>2 are related as follows 

h = (l>i + log\\9\\', (6) 

then we have 

I=\\h\\l,. (7) 
Moreover, with ^i, 02 chosen in such a way, we also have 



9 11^112 
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To deal with the term //, we first use integration by parts to move the operator 
d^^ from right to left. 



2Re(ilh,d;^v)^, = 2Re {-^Ah,dlv)e-'>'^dV 



n \\9\ 



= 2Re {d{-rr^ Ah), v)e-''"dV 

= 2Re / ( E do,{-rr^) AhdZo„v)e-^'dV. 

l<a<n 



Let 



then we have 



l<a<n 



-2Re 

IF 



l<CT<i 

l<a<n 

l<ii,— ,ii<p 



^ l<a<n 



l<i,i\,--- ,ie-i<p 



which gives 



1 



II > - I -\\h\\^e-'^^dV 
'n b 



-1)! .,..5 



^Il^l 



l<a<n 

i<i<p 



l<«i,-,i^_i<p" 

where 6 > 1 is an arbitrary measurable function on fl. 



e~'f"dV 



To handle the second term in the above inequality, we need the following lemma 
which is a generalization of Skoda's inequality([S72], page 552). 

Lemma 1 Given constants cii, i'ia, Qi---i^a ^ C(l < ,ii < p,l < a < 

n,p,n & N) where Ci-^...^a are skew-symmetric with respect to ii • • • ii. Then for any 
1 < ii < • • • < < p, it holds that 



l<i,j <p 

l<a<n 



< 1 E i^^i' E 



i<i<p 



l<i<p 
i<j<k<P 



l<a<n 



(8) 
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where q is the positive constant defined by 



min{p — £ — 1; 
mm{p- e + l,n}, i>2. 



We postpone our proof of lemma 1 to the appendix. Now we continue the 
estimate for II. Applying lemma 1 with 

we obtain for fixed 1 < Zi < ■ ■ ■ < ii^i < p that 



l<a<n 

l<i<p 



< 



Q\\g\ 



{*) II 11-2 



l<a<Ti 



E 

l<i<p 

i<j<k<p 

E 

l<j,k<p 



Y {gjdagk - gkdagj)vii^...ie_ic 



l<a<n 



l<a<n 



-Q\\g\\ ' 

i<j<p 



E gAg^v,.,...,.,. 



l<k<p 

l<a<n 



■^jii • • -if _ 1 a ^jii • • -i^- 1 / 



i<i<P 
l<a,P<n 



where q is the constant in lemma 1. We have used the Lagrange identity to get (*). 
Consequently, we can estimate // from below as follows. 



II 



>-/- 
- Jnb 



E //...,iog, 



l^ll^ • Vi^...i^aVn...iipe '^'dV. (9) 



l<a,/3<n 



Since / only involves h, we want to control the second term in (9) by ///. By 
using the standard Kohn-Morrey-Hormander identity and the boundary condition 
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V e Domd^^, we can estimate, in the case where fl is assumed additionally to be 
pseudoconvex, the last term /// as follows 

-J\^ j dad^(l)iVi^...ieaVh-Hpe~'f"dV. (10) 

l<a,f3<n 

for any v G Dom9^^ C f\^Ll^^{fl, 0i)®^ satisfying Bv = 0. 

Taking the sum of (7), (9) and (10), we get the desired Skoda-type estimate for 
the Koszul complex. 

Lemma 2 Let ^2 be a bounded pseudoconvex domain with smooth boundary 
and gi E 0{n) fl C°°{Cl){l < i < p) which have no common zeros on Q. We assume 
that 01, 02 e C^(f^) are functions satisfying (6), and 6 > 1 is a measurable function 
on il. Then for any h e F and any v e Dom9^^ C /\^Ll i{Q, ^i)®^ satisfying Bv — 0, 
it holds that 



Kh + d;^v\\l> 



b-l 



(11) 



l<a,/3<n 



Now we want to introduce twisting into the apriori estimate (11). Following 
[V08], we twist simultaneously the weights 0i, 02 by a function < a e C^(fi) and 
consider the following new weights. 

= 01 + log a, (y52 = 02 + log a. (12) 

Prom (6) and (12), it follows that 

ip2 = '-Pi + log\\g\\^ . (13) 

By the definition (3) of <-*, we know 

il^e^^-^^g^. (14) 

Prom the definition of B*^^ and (12), we get 

(Jj 

l<a<n 
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which imphes the following identity 



= Kh + dlv\\l^ 

l<c«,/3<l 
l<il,--- ,ii< 

2 ^ f 1 _ 



a '^daadpaVi^...i^aVn...^pe "^MT/ 



l<ii,--- ,i^<p l<a<n 
* „.I|2 



-■4 X] j a ^daad^aVi^...i^aVh-^pe '^^dV 

l<a./3<l "^^ 
l<ii,— ,ii<p 



l<n,---,if<p l<a<n 

Substituting (11) and the following equation 
into the above identity, it follows that 

E I [dadp^i-qibdadplog\\gf 

1<«.;8<1 

l<ii,--- ,i^<p 

-^9„a^a - ■^daad^a]vij^...i^aV^~^e~'^^dV 



where A > is a measurable function on fl. 
If the following condition holds 

adad^cpi — dad^a — X'^d^ad^a > qiabdad^log \\g\\^ (15) 

where both sides are understood as symmetric sesquilinear forms and q is the con- 
stant in lemma 1, then we have 

\\V^ilh + V^d;^v\\l^ > jJ^^^\\hfe-^^dV. (16) 

where t* is given by (14). The estimate (16) is a twisted version of (11). 
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We summarize previously obtained estimates in the following lemma. 

Lemma 3 Let Q he a, bounded pseudoconvex domain with smooth boundary 
and gi e 0{n) H C°°(r2)(l < i < p) which have no common zeros on (Q). We 
assume that (pi,ifi2 G C^{Cl) are functions satisfying (13), < a G C'^{Q) and 
1 < 6, < A arc measurable functions on Q. Then for any h & F and any 
V e Dom9*j C /\'''Ll^^{fl,ipi)®P satisfying Bv = 0, the twisted estimate (16) fol- 
lows from the condition (15). 

The next fundamental lemma reduces the problem of establishing division theo- 
rems to an apriori estimate(see [S72] and [V08] for proofs). 

Lemma 4 Let H, Hq, Hi, H2 be Hilbert spaces, T : Hq ^ H he a, bounded linear 

operator, T^, : H^_i H^lu = 1,2) he linear, closed, densely defined operators such 
that T20T1 = 0, and let F C H he a closed subspace such that T(KcrTi) C F. Then 
for every f & F and constant C > the following statements arc equivalent 

1. There exists at least one u e KerTi such that Tu = f, \\u\\fj^ < C; 

2. |(/, h)H\ < \\T*h + T*v\\jj^ holds for any he F,ve DomT* n KerTa. 

To apply lemma 4, we consider, for any fixed 1 < i < p, the following Hilbert 
spaces and operators. 

Ho = f\L\n, ^0®^ H, = ^'lIM ^0®^ 
H2 = [\Ll,{n, if^r^, H = f\~'L\n, ^2)®^ 

T = Va + A o ig, Ti = d o V a + A, T2 = ^/a o d. 
where these functions ipi,ip2,Q < a,0 < A e C'^ifl) will be determined later. 

Since Q, is assumed to be bounded and a, A e €"^{^1), the operator T is a bounded 
linear mapping from Hq to H. Ti,T2 are, by definition, both densely defined and 
closed. The space F defined by (5) is obviously a closed subspace of H. Prom the 
definition of Ti, we have 

KerTi C ^ ^ A^C>(Q)®p. 
Consequently, '-^ = implies that 

F D r(KerTi). 

It is also easy to see that the adjoint of T and Ti are given by 

r* = \/a + At*, = Va + A5*^ 
where t* is the mapping in (14). 
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3 Division Theorems 

First wc apply lemma 3 in the simplest situation where the function a is a con- 
stant to establish a division theorem for the Koszul complex. We denote by PSH(O) 
the set of plurisubharmonic functions on Q. 

Theorem 1 Let Q C be a pseudoconvex domain, gi e 0(Q)(1 < i < p), 
ip e PSH(Q) and T > 1 be a constant. For every / e f\^~^0{Q)®P, if tgf = and 

/ ||/ini^ir'^^^"+'^e-'^dy < oo, (17) 
Jn 

then there exists an it e f\^0{Vt)®'P such that 

hu^f. f \\ung\r'''^e-^dV<^ f \\mg\r^'^'^'-%-''dV (18) 
where p & N,l < i < p and q is the constant in lemma 1. 



Proof. By the standard argument of smooth approximation, the holomorphic 
extension technique and taking weak limit(proceed as [S72] and [D82]), we can 
assume without loss of generality that is a bounded pseudoconvex domain with 
smooth boundary, gi G 0{Q,) fl C°°(fi)(l < i < p) have no common zeros on Q, and 

e PSH(fi) nC7°°(n). 

Given a constant r > 1, we can always find constants < A < 1 < 6 such that 



1- A 

Set 

a = 1 — A, 

then the functions 



^pi = qir log \\g\\^ + cp2 = {qir + l)log\\g\\'^ + if; 

satisfy the conditions (13) and (15). In this case, we have T — ig and Ti = d. 

Let F be the closed subspace defined by (5) in section 2 and h e F, then we get 
by lemma 3 that 



<- I 

Jn 



(6-i)(i-A) ^-''''^■•ir'.+i-^u. 



in 

It follows from lemma 4 that there is an ux e Hq such that 

/ = Tux = igUx 
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and the weighted norm of u could be estimated as follows 
Jn 



/ ' 

Jn 



^Vl-A)(r + A-1)""'" 



(1-A)(r + A-1) 



The desired solution u follows from the above inequality by taking weak limit of ux 
as A ^ O+.Q.E.D. 

If gi, - ■ ■ ,gp have no common zeros, then for any / G /\^~^ O (Q)^^ , we can use the 
plurisubharmonic exhaustion function of fl to construct a plurisubharmonic weight 
function on Q such that 



in 



Applying theorem 1 on fi, we know there exists some u e /\^0{Q)®'^ such that 
/ = LgU holds on fl. This gives the following corollary. 

Corollary 1 Let Q C be a pseudoconvex domain, e 0{il){l < i < p). 
If ^1, • • • , have no common zeros, then the Koszul complex (1) induces an exact 
sequence at the level of global sections, i.e. for every / G < £ < p) 

satisfying tgf — there is some u e /\^0{fl)®^ such that / = tgU. 

Remark 1 (i) The special case of theorem 1 when £ = 1 is exactly the celebrated 
Skoda division theorem([S72]). If we make use of lemma 2 instead of lemma 3, the 
proof of theorem 1 will be a little bit easier. 

(ii) When the common zero locus of gi, - ■ ■ ,gp is empty, it is easy to see that 
the Koszul complex (1) provides a rcsohition of Oq = /\^Oq^. Thus corollary 1 also 
follows from Cartan's theorem B and the Dc Rham-Weil isomorphism theorem. 

To establish division theorems with a nonconstant function a in (12), we use the 
technique of Skoda triple which was introduced by Varolin([V08]). We first recall 
the definition of a Skoda triple. 

Definition A Skoda triple (<^, F, q) consists of a positive integer q and 
functions (p : (1, oo) — >■ M, F : (1, oo) — >■ IR such that 

X + F{x) >0,[x + F{x)]ip'{x) + F'{x) + 1 > and [x + F{x)](f"{x) + F" (x) < 
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hold for every x > 1. 

It is easy to see that (e log 0, q) is a Skoda triple where £ is a positive constant 
and g is a positive integer. This example was shown in [V08] where the technique 
of denominators was also used to construct Skoda triple of the type (0, F, q). 

Based upon the apriori estimate (16) and lemma 4, the notion of Skoda triple is 
quite useful to produce examples of division theorems. 

Theorem 2 Let $7 C be a pseudoconvex domain, gi e 0(Q)(1 < i < p), 
ip e PSH(O). We assume that 

llg-ll < 1 holds on Q. 

For every / e /\^-^0{n)®P, if igf = and 

Jn 0,(^0 — L) 
then there exists an u & /\^0{fl)®P such that LgU = f and 

where p e N, 1 < £ < p, ^ ^ 1 - log \\g\\', a^^ + Fo^,b^ + 1, A ^ 

Ao^, A{x) = F'\x)+ix+F{x))<p"(x) ' ^' ^) ^ Skoda triple and q is the constant in 
lemma 1. 



Proof. Given a Skoda triple, we start to construct functions (pi^(p2,a > 0, X > 
and b > 1 which satisfy conditions (13) and (15). 
Set 

(pi = -ipo^ + ijj + qi\og\\gf, 

(f2 = -(po^ + ip + {qe+l)log\\gf 

then we get 

adadpipi — dad^a — X~^daadpa — {atp o ,^ + F o + 1 + q£a)dadiilog\\g\\^ 

-[aif" o e + F" o e + A-^(l + F' o O'md0^ 
= {a>f' o^ + F'o^+1 + qia)dad^log\\gf. 

The last equality follows from the definition of A. 
Now it suffices to choose 6 > 1 such that 

a<^' + F' o^ + l = qai{b - 1), 
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I.e. 

qa£ 

By repeating the argument in the proof of theorem 1, we obtain some u & Hq — 
/\^L'^{n,ipi)®P satisfying 

dV^TXu = 0, I \\u\\''\\g\\-^'''e^°^-^dV < j ||/||2_^_^||^||-2W+i)e^°«-'^dK 

Thus we get the desired solution u = \/a + Am.Q.E.D. 

If we take into account the special Skoda triple {e log x, 0, q) where £ is a positive 
constant and q is the constant in lemma 1, applying theorem 2 to this Skoda triple, 
we have the following corollary. 

Corollary 2 Let Q C be a pseudoconvex domain, gi e < i < p), 

V' e PSH(Q). We assume that 

ll^'ll < 1 holds on fl. 
For every / e if hf = ^nd 



then there exists some u e /\^0{Q)®^ such that t^M = / and 

where peN, l<£<p, e:>oisa constant and g is the constant in lemma 1. 
Proof. For the given Skoda triple (e logx, 0, g), we have 

II II II £ 

[x + F{x)]ip{x) + F'(a;) + 1 = 1 + £ and [x + F{x)]ip'{x) + F" {x) = — 

from which it follows that 

, , _ (1 + -)(!- log bin + £ + l 

e ' a(6- 1) - £ + 1 

Hence the desired result follows directly from theorem 2.Q.E.D. 

Remctrk 2. Under the assumption that < 1 on Q, the integrability condi- 
tion (21) is obviously weaker than (17). 
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We know by definition that (0, —^e~^^^~^\ q) is another example of Skoda triples 
where e is a positive constant and q is the constant in lemma 1. Thus theorem 2 
applied to (0, —^e^^^~^\ q) gives the following result. 

Corollary 3 Let Q C C" be a pseudoconvex domain, gi e 0{Q,){1 < i < p), 
i/j e PSH(O). We assume that 

llg'll < 1 holds on Q. 
For every / e /\^-^0{n)®P, if igf = and 

i2i|^||-2(,m)g-Vrfy (23) 



/ 

Jn 



m 

then there exists some u e /\^C(Q)®^ such that tgU — f and 

Jn Jn 

where p E N,l < £ < p, e and are both positive constants(C£ is determined by 
e) and q is the constant in lemma 1. 

Proof. By direct computations, we obtain 

[x + F{x)]ip'{x) + F'{x) + l = ^e-^(^-^) + l, [x + F{x)]ip"{x) + F"{x) = -^e-^^^"^). 

Hence we have for ^ > 1 

b 1 qt ^ 



and 



a(6_l) ^_ie-s«-i) i + |e-^«-i) 



a + A = e--e-^(«-i) + 2£-2(l + -e-^(«-i))2e^(«-i) 

< [£-V-^ + 2(- + i)2]e^M 
£ 2 

where is a positive constant determined by e. Now corollary 3 follows from the- 
orem 2 by choosing (99, F, g) = (0, —^e^^^~^\q) and the constant in (24) could be 
taken to be (2 + qi)De. Q.E.D. 

Remark 3. (i) It is easy to see that when \\g\\ < 1 is valid on Q the integrability 
condition (23) in corollary 3 is weaker than (21) but the estimate (22) for the solu- 
tion in corollary 2 is stronger than (24). (ii) Comparing corollary 3 with theorem 
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1, we see that if ||gf|| < 1 holds on Q, then the constant r in theorem 1 could be 
chosen to be 1 (the coefficient on the right hand of (18) should be replaced by 
Cs). (iii) It is interesting to compare corollary 3 with the main result of [TOO] by 
setting £ — l,p = n and gi = Zi{l < i < n). (iv) We may also choose the Skoda 
triple more generally to be (0, —r]e~^'^^^^\ q) where < < 1 is a constant, but 
such a choice only results in a different constant C^. (v) We can use the Skoda 
triple (silogx, —e2e~^^^^~^\q) to combine the results in corollaries 2 and 3. Here, 
Si > 0, 1 > £2 > 0, £3 > are constants satisfying £1 + £2 > 0. 

Final Comments. As mentioned before, one can use the technique of denom- 
inators to produce Skoda triples of the type {0,F,q). Hence we can deduce from 
our theorem 2 numerous examples of division theorems. Actually, we can formulate 
a division theorem for the Koszul complex in the same manner of theorem 2.7 in 
[V08]. To prove this result, we just need to replace theorem 2.1 in [V08] by our 
theorem 2 and then repeat its proof. 



4 Appendix: Proof of Lemma 1 

Let V, W be Hermitian spaces with dime V = P, dime W = n, and {vi, ■ ■ ■ , Vp}, 
{wi, ■ ■ ■ , Wji} be orthonormal bases of V, W respectively. We denote the dual bases 
by {vl, ■■■ ,v;}CV\ {wl, •••,<} C W*. 

Set 

^ = ^ Ciij...i^_^aW* e Homc(H^, F), 

l<i<p 

l<a<n 

Bi ^ J2 ^ic^v* ^w^e Homc(y, W), 

l<i<p 

l<a<n 

X ^ 0^ Yl ^ 

B = ix{e ABi) eRouiciV^W), 
then we know by definition the following facts 

AB = ix{0 A ABi) eEndcV^ 

and 

L.H.S. of (8) = \TrAB\^, R.H.S. of (8) = ?||Xf ||^ A ABif 

where both trace and norm are taken with respect to the Hermitian structure on V. 
It remains therefore to show 

\TtAB\^ < q\\X\\^\\e AABif. 
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Since the Cauchy-Schwarz inequality gives 



\\ABf < \\Xf\\eAABi 



and 



|Tr^B|' < Rankc^B||^B||^ 

it suffices to estimate the upper bound of Rankc^B. 
Since Vi^...i^ are skew-symmetric on ii, • • • , z^, we get 



Im^.B C spanc{vii, • • • , Vi^_^} 



On the other hand, we also have 



X e KevAB. 



We assume, without loss of generality, X 7^ then we obtain the following estimate 



This is the desired rank estimate. Q.E.D. 
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